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1. (a)
(b)

We rewrite 6x 4+ 3y =21 as 3y = —6xr+ 21l ory = —2x + 7.
Thus, the slope is —2.

Solution 1

Since the slope of the line segment is 3, then

Solution 2

Since the slope of the line segment is 3, then for every unit that we move to the right, we
move 3 units up.

Since (5,¢) is 4 units to the right of (1,0), then it is 3(4) = 12 units up from (1,0), so
c=0+12=12.

Solution 1

5_1:3,and80§:30rc:12.

4—(—4 8
The given line segment joins (0,4) to (8, —4), so has slope % =g = —1.
Since the y-intercept of the line segment is 4, then the equation of the line passing through
Aand Bisy=—x+4.

Since the point (k, k) lies on the line, then k = —k 4+ 4 or 2k = 4 and so k = 2.

Solution 2
We label the point (k, k) as K.

Since K lies on the line segment AB, then the slope of AK equals the slope of AB.
4—(—4 8
Line segment AB joins (0,4) to (8, —4), so has slope 4—(=4) =

— =-1.
04— 8 -8
Line segment AK joins (0,4) to (k, k), so has slope ’ — 0
—4

Therefore, =—lork—4=—kor2k=4andsok=2.
Solution 1
If a quadratic equation has the form az? + bz + ¢ = 0, then the sum of its roots is ——.

a
Here, the sum of the roots must be — <@) = 6.
Solution 2
Since x? — 6x — 7 =0, then (x — 7)(z + 1) = 0.
Thus, the roots are x =7 and v = —1.
The sum of these roots is 7+ (—1) = 6.
Solution 1
If a quadratic equation has the form az? + bx + ¢ = 0, then the product of its roots is <

a

Here, the product of the roots must be _Tm = —4.
Solution 2
Since 5z% — 20 = 0, then 22 —4 =0 or (z — 2)(z + 2) = 0.
Thus, the roots are z = 2 and x = —2.
The product of these roots is 2(—2) = —4.
Solution 1
If a cubic equation has the form a® + bx? + cx + d = 0, then the sum of its roots is ——.

a

Here, the sum of the three roots is — (’Tﬁ) = 6.
The average of three numbers is their sum divided by 3, so the average of the three roots

. 6_
183—2.
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Solution 2

Since 2% — 622 + 5z = 0, then z(2? — 62 +5) =0 or z(z — 5)(x — 1) = 0.
The three roots of this equation are x =0, x =1 and x = 5.

The average of these numbers is $(0+ 1 +5) = 3(6) = 2.

Since AB = AD = BD, then ABDA is equilateral.

Thus, ZABD = ZADB = ZDAB = 60°.

Also, ZDAE = 180° — ZADE — ZAED = 180° — 60° — 90° = 30°.

Since C'AFE is a straight line, then ZCAD = 180° — ZDAFE = 180° — 30° = 150°.
Now AC = AD so ACAD is isosceles, which gives Z/CDA = ZDCA.

Since the sum of the angles in ACAD is 180° and ZCDA = ZDC'A, then

LCDA = %(180O — ZLCAD) = %(1800 —150°) = 15°

Thus, ZCDB = ZCDA+ ZADB = 15° 4+ 60° = 75°.

Solution 1
Since ABCD is a rectangle, then AB = C'D = 40 and AD = BC = 30.
By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = v/30% + 402 = /900 + 1600 = v/2500 = 50

We calculate the area of AADB is two different ways.
First, using AB as base and AD as height, we obtain an area of 3(40)(30) = 600.

Next, using DB as base and AF as height, we obtain an area of %(50)x = 25z.
We must have 25z = 600 and so z = %2 = 24.

25
Solution 2

Since ABCD is a rectangle, then AB = CD = 40 and AD = BC = 30.

By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = /302 + 402 = v/900 + 1600 = v/2500 = 50

AB 4 4
Since ADAB is right-angled at A, then sin(ZADB) = BD = 5—8 =
But AADF is right-angled at F and ZADF = ZADB.

AF
Therefore, sin(ZADF) = D ;E] :

4
Thus, L andsox = 2(30) = 24.
30 5 5

Solution 3
Since ABCD is a rectangle, then AB = CD = 40 and AD = BC = 30.
By the Pythagorean Theorem, BD? = AD? + AB? and since BD > 0, then

BD = /302 + 402 = /900 + 1600 = v/2500 = 50

Note that ABF A is similar to ABAD, since each is right-angled and they share a com-
mon angle at B.
AF  AD x40 ~30(40)
AB  BD 30 50 50

= 24.
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4.

(a)

Solution 1

The sum of the terms in an arithmetic sequence is equal to the average of the first and
last terms times the number of terms.

If n is the number of terms in the sequence, then %(1 + 19)n = 70 or 10n = 70 and so
n=".

Solution 2

Let n be the number of terms in the sequence and d the common difference.

Since the first term is 1 and the nth term equals 19, then 1 4 (n — 1)d = 19 and so
(n—1)d = 18.

Since the sum of the terms in the sequence is 70, then in(1+ 1+ (n —1)d) = 70.
Thus, $n(2+ 18) =70 or 10n =70 and so n = T.

Solution 1

Since the given equation is true for all values of x, then it is true for any particular value
of x that we try.

If z = —3, the equation becomes a(—3 + b(0))
If z = 0, the equation becomes —2(0 + b(3)) =
Therefore, a = —2 and b = —2.

Solution 2
We expand both sides of the equation:

= ()or—3a—6andsoa——2.
2(6) or —6b =12 and so b = —

a(z+b(zx+3) = 2(z+6)

a(x +br+3b) = 2x+12
ar + abr + 3ab = 2x + 12
(a+ab)r +3ab = 22+ 12

Since this equation is true for all values of x, then the coefficients on the left side and right
side must be equal, so a + ab = 2 and 3ab = 12.

From the second equation, ab = 4 so the first equation becomes a +4 = 2 or a = —2.
Since ab = 4, then —2b =4 and so b = —2.

Thus, a = b= —2.

Solution 1
Drop a perpendicular from C' to P on AD.
C
7 7
M
A
A 5D B

Since ANACB is isosceles, then AP = PB.

Since ACDP is a 30°-60°-90° triangle, then PD = %(CD) ==
Thus, AP = AD — PD =8 — 3 = 13,

This tells us that DBzPB—PDzAP—PDz%—%:E).

Solution 2
Since AAC'B is symmetric about the vertical line through C, we can reflect C'D in this
vertical line, finding point £ on AD with CE = 3 and ZCED = 60°.
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A 60°  60°
A = 5 B

Then ACDE has two 60° angles, so must have a third, and so is equilateral.
Therefore, ED =CD =CE =3 and so DB=AF =AD — ED =8 -3 =5.

Solution 3
Since ZCDB = 180° — ZCDA = 180° — 60° = 120°, then using the cosine law in AC'DB,
we obtain

CB* = CD?+ DB?—2(CD)(DB)cos(£CDB)
7 = 3%+ DB*—2(3)(DB) cos(120°)
49 = 9+ DB*-6(DB)(—3)
0 = DB*+3DB—40
0 = (DB-5)(DB+38)

Since DB > 0, then DB = 5.

Solution 1
Since AABC' is right-angled at C, then sin B = cos A.

3sin A
Therefore, 2cos A = 3tan A = P2 or 2cos? A = 3sin A.
cos

Using the fact that cos? A = 1 — sin? A, this becomes 2 — 2sin? A = 3sin A
or 2sin? A+ 3sinA —2=0or (2sin A — 1)(sin A +2) = 0.
Since sin A is between —1 and 1, then sin A = 1.
Since A is an acute angle, then A = 30°.
Solution 2 ;
Since AABC' is right-angled at C, then sin B = - and tan A = %.
c

26 3
Thus, the given equation is — = % or 2b® = 3ac.
c

Using the Pythagorean Theorem, b = ¢ — a® and so we obtain 2¢?> — 2a®> = 3ac or
2¢? — 3ac — 2a® = 0.

Factoring, we obtain (¢ — 2a)(2c+ a) = 0.

Since a and ¢ must both be positive, then ¢ = 2a.

Since AABC' is right-angled, the relation ¢ = 2a means that AABC' is a 30°-60°-90°
triangle, with A = 30°.

The number of integers between 100 and 999 inclusive is 999 — 100 4+ 1 = 900.

An integer n in this range has three digits, say a, b and ¢, with the hundreds digit equal
to a.

Notethat 0 <b<9and 0<c¢<9and1<a<9.

To have a + b+ ¢ = 24, then the possible triples for a, b, ¢ in some order are 9,9,6; 9,8,7;
8,8,8. (There cannot be three 9’s. If there are two 9’s, the the other digit equals 6. If there
is one 9, the second and third digits add to 15 but are both less than 9, so must equal 8
and 7. If there are zero 9’s, the maximum for each digit is 8, and so each digt must be 8
in order for the sum of all three to equal 24.)

If the digits are 9, 9 and 6, there are 3 arrangements: 996, 969, 699.
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If the digits are 9, 8 and 7, there are 6 arrangements: 987, 978, 897, 879, 798, 789.

If the digits are 8, 8 and 8, there is only 1 arrangement: 888.

Therefore, there are 3+ 6 + 1 = 10 integers n in the range 100 to 999 with the sum of the

digits of n equal to 24.

The required probability equals the number of possible values of n with the sum of digits
10 1

equal to 24 divided by the total number of integers in the range, or 55 = o5-

Since Alice drives at 60 km/h, then she drives 1 km every minute.
Since Alice drove from G to F' in 45 minutes, then the distance from G to F' is 45 km.
Let the distance from E to G be d km and let Bob’s speed be B km/h.

d 1
Since Bob drove from G to E in 20 minutes (or 3 of an hour), then 53 Thus, d = §B.

The time that it took Bob to drive from F to G was % hours.
The time that it took Alice to drive from F to G was % hours.

d 45
Since the time that it took each of Alice and Bob to reach G was the same, then W0- B
and so Bd = 45(60) = 2700.
Thus, B (3B) = 2700 so B* = 8100 or B = 90 since B > 0.
Therefore, Bob’s speed was 90 km /h.

Completing the square on the original parabola, we obtain
y=1*-20+4=2"-2r+1—-1+4=(x—-172+3

Therefore, the vertex of the original parabola is (1, 3).

Since the new parabola is a translation of the original parabola and has z-intercepts 3 and
5, then its equation is y = 1(z — 3)(z — 5) = 2% — 8z + 15.

Completing the square here, we obtain

y=1>-8r+15=2>-8x+16—16+15= (v —4)> — 1

Therefore, the vertex of the new parabola is (4, —1).
Thus, the point (1,3) is translated p units to the right and ¢ units down to reach (4, —1),
sop=3andq=4.

First, we determine the coordinates of A.

The area of AABC'is 4. We can think of AC as its base, and its height being the distance
from B to the z-axis.

If the coordinates of A are (a,0), then the base has length 4 — a and the height is 4.
Thus, (4 —a)(4) =4,s04—a=2 and so a = 2.

Therefore, the coordinates of A are (2,0).

Next, we determine the equation of the parabola.

The parabola has z-intercepts 2 and 4, so has equation y = k(z — 2)(x — 4).

Since the parabola passes through (0, —4) as well, then —4 = k(—2)(—4) so k = —3.
Therefore, the parabola has equation y = —3(z — 2)(z — 4).

N[ =

Next, we determine the coordinates of D, the vertex of the parabola.
Since the z-intercepts are 2 and 4, then the z-coordinate of the vertex is the average of
these, or 3.
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The y-coordinate of D can be obtained from the equation of the parabola; we obtain

y= 13-~ 4= —1)(-1) =}
Thus, the coordinates of D are (3, 3).

Lastly, we determine the area of ABDC, whose vertices have coordinates B(0,—4),
D(3,1), and C(4,0).

Method 1
We proceed be “completing the rectangle”. That is, we draw the rectangle with horizontal
sides along the lines y = % and y = —4 and vertical sides along the lines x = 0 and x = 4.
We label this rectangle as BPQR.
P D Q
C
B R

The area of ABDC' equals the area of the rectangle minus the areas of ABPD, ADQC
and ACRB.

Rectangle BPQR has height 4 + 1 = 2 and width 4.

ABPD has height % and base 3.

ADQC has height % and base 1.
ACRB has height 4 and base 4.
Therefore, the area of ABDC'is 4(2) — (3)(3) — 3(3)(1) —3(4)(4) =18 = I — 1 —8 = 3.

Method 2
We determine the coordinates of E, the point where BD crosses the z-axis.

D
C

E

B

Once we have done this, then the area of ABDC equals the sum of the areas of AECB
and AECD.

Since B has coordinates (0,—4) and D has coordinates (3, 3), then the slope of BD is
1_ (—4) 2 3
2 _ 2 _

3-0 3 2
Since B is on the y-axis, then the equation of the line through B and D is y = %:): — 4.

To find the z-coordinate of E, we set y = 0 to obtain 0 = %:E —4 or %a: =4orx=
We think of EC' as the base of each of the two smaller triangles. Note that EC' = 4—
Thus, the area of AECD is £(3)(3) = 3.
Also, the area of AECB is 1(3)(4) = &.

Therefore, the area of ABDC' is % + % =3.

4

3

Wl ¢yj00
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8.

(a) Since P(Q is parallel to AB, then it is parallel to DC and is perpendicular to BC.
Drop perpendiculars from A to £ on PQ and from P to F' on DC.

A B
L
P
E Q
D C

F
Then ABQFE and PQCF are rectangles. Thus, FQ) = z, which means that PE =r — x

and F'C' = r, which means that DF =y —r.
Let BQ =0band QC = c¢. Thus, AE =b and PF = c.
The area of trapezoid ABQP is 3(z + r)b.

The area of trapezoid PQCD is (r + y)c.

Since these areas are equal, then 3 (z + )b = 5(r 4 y)c, which gives

Since AF is parallel to PF, then /PAE = ZDPF and ANAEP is similar to APFD.

AE PF b _
ThUS,ﬁ:ﬁWhiChgiVeSr_x:yirorg:g_;‘
Combiningx+r:Eandgzy_rgivesx+rzy_r

r+y b b r—=z r+y r—=x

From this, we get 2 — 2% = y? — r? or 2r? = 22 + 92, as required.

Join O to A, B and C.

@

AN
N\ g

A
Since AB is tangent to the circle at A, then ZOAB = 90°.

or (z+r)(r—z) = (r+y)(y—r).

By the Pythagorean Theorem in AOAB, we get OA? + AB? = OB? or r? + p* = OB?.

In AODC', we have OD = DC = q and OC =r.
By the cosine law,

OC? = OD?+ DC?—2(0OD)(DC) cos(£0DC)
r? = ¢+ ¢* —2¢°cos(£0DCO)

2q2 _ 7°2

2q¢?
In AODB, we have ZODB = Z0DC.
Thus, using the cosine law again,

cos(£Z0DC) =

OB* = OD?+ DB? - 2(0OD)(DB) cos(ZODB)
2q2 _ 7“2
2q¢?

2 (20— 200)(20) (

q2+4q2_2(2q2_r2)
—_ q2+2r2

So OB? = 7r? + p? = ¢* + 2r?, which gives p? = ¢® + 72, as required.
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9. (a) First, we convert each of the logarithms to a logarithm with base 2:

log,
141 =
+ log, x log, 4

logy4r  logy 4 +logy @

log,

=1+ 5 =1+ 3log,x

=§+§log2x

loggdx =
088 =% log, 8

Let y = log, . Then the three terms are y, 1 + %y, and % -+ %y Since these three are in

geometric sequence, then

3

1+ 3y
2 1
3173V

= (1+3y)?

= 1+y+3y’°
= 12+ 12y + 3y°
= 0

0

Therefore, y = log, 7 = 6 or y = log, v = —2, which gives 1 =26 =64 or v =272 = 1,

Solution 1
Rotate a copy of APSU by 90° counterclockwise around P, forming a new triangle PQV'.
Note that V' lies on the extension of R().

W~

V
P Q
-
S U R

Then PV = PU by rotation.

Also, ZVPT = ZVPQ+ ZQPT = ZUPS + ZQPT = 90° — ZUPT = 90° — 45°.
This tells us that APTU is congruent to APTV, by “side-angle-side”.

Thus, the perimeter of ARUT equals

UR+RT+UT = UR+RT+TV
= UR+RT+TQ+QV
UR+ RQ + SU
— SU+UR+ RQ
= SR+ RQ
— 8

That is, the perimeter of ARUT always equals 8, so the maximum possible perimeter is 8.
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Solution 2
Let ZSPU = 0. Note that 0° < § < 45°.
Then tanf = S—U, so SU = 4tané.

PS
Since SR =4, then UR = SR — SU =4 — 4tan#.

Since ZUPT = 45°, then ZQPT = 90° —45° — 0 = 45° — 6.
T
Thus, tan(45° —60) = g—Q and so QT = 4tan(45° — 6).

Since QR = 4, then RT = 4 — 4tan(45° — 0).
tan A — tan B tan(45°) — tan 6 1 —tan6
But tan(A — B) = tan(45° — 0) = = ,
ut tan( ) 1+ tanAtan B’ an( ) 1+ tan (45°) tan# 14 tané
since tan(45°) = 1.
1—tan9) _ 4+4tanf 4 —4tan6  Stand

This gives RT =4 — 4 = - — .
5 BIVeS <1+tan9 1+ tand 1 +tand 1+ tand
By the Pythagorean Theorem in AU RT, we obtain

UI' = VUR?+ RT?

Stand \2

= —_ 2 —_—
\/(4 4tan 6)* + (1+tan0)
2tanf >

= —_ 2 —_—
4\/(1 tand)* + (1+tan9)

1—tan20)\? 2tanf \>
= 4 P — + | —
1+tand 1+ tand

B 4\/1—2tan29+tan40+4tan20

(14 tan0)?

14 2tan?6 + tan*4
4
(1+ tan )2

(1 + tan?0)?
(1+ tan6)?

1+ tan26
= 4| —-
14 tanf
Therefore, the perimeter of AURT is

Stanf 1+ tan?4é
UR+RT+UT — 4—Adtanf+ —oon? o, (2ttan’?
1+tand 14 tané
1—tan29+ 2tanf +1+tan29
14 tané 1+ tand 1+ tand
2+ 2tanb
— 42T
1+ tand

= 8

Thus, the perimeter is always 8, regardless of the value of 0, so the maximum possible
perimeter is 8.



2009 Euclid Contest Solutions Page 11

10. Throughout this problem, we represent the states of the n plates as a string of 0’s and 1’s (called
a binary string) of length n of the form pyps - - - p,, with the rth digit from the left (namely p,)
equal to 1 if plate r contains a gift and equal to 0 if plate r does not. We call a binary string
of length n allowable if it satisfies the requirements — that is, if no two adjacent digits both
equal 1. Note that digit p, is also “adjacent” to digit p;, so we cannot have p; = p, = 1.

(a)

Suppose that p; = 1.

Then ps, = p; = 0, so the string is of the form 10pspspspe0.

Since k = 3, then 2 of ps3, p4, ps, pe equal 1, but in such a way that no two adjacent digits
are both 1.

The possible strings in this case are 1010100, 1010010 and 1001010.

Suppose that p; = 0. Then py can equal 1 or 0.

If po = 1, then p3 = 0 as well. This means that the string is of the form 010pspspsp7,
which is the same as the general string in the first case, but shifted by 1 position around
the circle, so there are again 3 possibilities.

If po = 0, then the string is of the form 00p3pspspspr and 3 of the digits ps3, ps, ps, Pe, P7
equal 1 in such a way that no 2 adjacent digits equal 1.

There is only 1 way in which this can happen: 0010101.

Overall, this gives 7 possible configurations, so f(7,3) = 7.

Solution 1

An allowable string pips - - - pn_1p» has (p1,pn) = (1,0), (0,1), or (0,0).

Define g(n, k, 1,0) to be the number of allowable strings of length n, containing k 1’s, and
with (plapn) = (170)'

We define g(n, k,0,1) and g(n, k,0,0) in a similar manner.

Note that f(n,k) = g(n,k,1,0) + g(n, k,0,1) + g(n, k,0,0).

Consider the strings counted by g(n, k,0,1).

Since p, = 1, then p,_; = 0. Since p; = 0, then ps can equal 0 or 1.

We remove the first and last digits of these strings.

We obtain strings pops - - - Pp_2pn—1 that is strings of length n — 2 containing £ — 1 1’s.
Since p,_1 = 0, then the first and last digits of these strings are not both 1. Also, since
the original strings did not contain two consecutive 1’s, then these new strings does not
either.

Therefore, pops - - - pp_opn_1 are allowable strings of length n — 2 containing k£ — 1 1’s, with
Pn—1 =0 and py =1 or ps = 0.

The number of such strings with p, = 1 and p,_; = 01is g(n—2,k—1,1,0) and the number
of such strings with p, = 0 and p,_1 = 01is g(n — 2,k — 1,0,0).

Thus, g(n,k,0,1) = g(n — 2,k —1,1,0) + g(n — 2,k — 1,0,0).

Consider the strings counted by g(n, k, 0, 0).

Since p; = 0 and p,, = 0, then we can remove p,, to obtain strings pips - - - p,_1 of length
n — 1 containing k 1’s. These strings are allowable since p; = 0 and the original strings
were allowable.

Note that we have p; = 0 and p,,_; is either 0 or 1.

So the strings p1ps - - - p,_1 are allowable strings of length n — 1 containing k 1’s, starting
with 0, and ending with 0 or 1.

The number of such strings with p; = 0 and p,_1 = 0 is g(n — 1, k,0,0) and the number
of such strings with p; =0 and p, 1 =11is g(n — 1,k,0,1).

Thus, g(n,k,0,0) = g(n —1,%k,0,0) + g(n — 1,%,0,1).
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Consider the strings counted by ¢g(n, k, 1,0).

Here, p; = 1 and p,, = 0. Thus, p,_1 can equal 0 or 1. We consider these two sets sepa-
rately.

If p,_1 = 0, then the string pips - - - p,_1 is an allowable string of length n — 1, containing
k 1’s, beginning with 1 and ending with 0.

Therefore, the number of strings counted by g¢(n,k,1,0) with p,_1 = 0 is equal to
gn—1,k,1,0).

If p,_1 = 1, then the string pops - - - p,_1 is of length n — 2, begins with 0 and ends with 1.
Also, it contains k — 1 1’s (having removed the original leading 1) and is allowable since
the original string was.

Therefore, the number of strings counted by g¢(n,k,1,0) with p,_1 = 1 is equal to
gn—2k—1,0,1).

Therefore,

f(n,k) = g(n,k,1,0)+ g(n,k,0,1) + g(n, k,0,0)
= (g(n—1,k1,0)+g(n—2,k—1,0,1))
+(g(n —2,k—1,1,0) + g(n — 2,k —1,0,0))
+(g(n —1,k,0,0) + g(n — 1,k,0,1))
= (g(n—1,k,1,0)+g(n —1,k,0,1) + g(n — 1,%,0,0))
gln =2,k —1,0,1) + g(n — 2,k — 1,1,0) + g(n — 2,k — 1,0,0))
= f(n—1k) +f(n—2,k—1)

as required.

Solution 2
We develop an explicit formula for f(n, k) by building these strings.
Consider the allowable strings of length n that include k£ 1’s. Either p, =0 or p,, = 1.

Consider first the case when p, = 0. (Here, p; can equal 0 or 1.)

These strings are all of the form pypops - - - pp_10.

In this case, since a 1 is always followed by a 0 and the strings end with 0, we can build
these strings using blocks of the form 10 and 0. Any combination of these blocks will be
an allowable string, as each 1 will always be both preceded and followed by a 0.

Thus, these strings can all be built using £ 10 blocks and n — 2k 0 blocks. This gives k
U's and k + (n — 2k) = n — k 0’s. Note that any string built with these blocks will be
allowable and will end with a 0, and any such allowable string can be built in this way.
The number of ways of arranging k blocks of one kind and n — 2k blocks of another kind

is (k * (72_ Qk)), which simplifies to (n ; k)

Consider next the case when p, = 1.

Here, we must have p,,_1 = p; = 0, since these are the two digits adjacent to p,.

Thus, these strings are all of the form Opgps - - - 01.

Consider the strings formed by removing the first and last digits.

These strings are allowable, are of length n — 2, include £ — 1 1’s, end with 0, and can
begin with 0 or 1.

Again, since a 1 is always followed by a 0 and the strings end with 0, we can build these
strings using blocks of the form 10 and 0. Any combination of these blocks will be an
allowable string, as each 1 will always be both preceded and followed by a 0.
(n—2)—(k:—1)) or

Translating our method of counting from the first case, there are ( E1
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n—k—1
E—1

—k —k—1
Thus, f(n,k) = (n i ) + (n P ) such strings.

such strings.

r r—

-1 -1
To prove the desired fact, we will use the fact that (m) = (m > + (m 1 ), which
r

we prove at the end.
Now

fn—1,k)+ f(n—2,k—1)

_ ((n—;)—k)+((n—i)_—f:—l)+<(n—2;:§k—1)>+<(n—(2]iigl;:i)—1>
RN

B k kE—1 kE—1 k—2

_ (";’“) n ("; f Il> (using the identity above)

= f(n,k)

as required.

To prove the identity, we expand the terms on the right side:

R ) R e )

(m—1!(m—r) N r(m —1)!
rim—r—1)m—r)  r(r—11(m—r)!
(m—1)(m —r) N r(m—1)!

ri(m —r)! rl(m —r)!
_ (m—1m—r+r)

rl(m —r)!
_ (m—=1)!m

m!
- rli(m —r)!

- (7)

as required.
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(c) We use the formula for f(n, k) developed in Solution 2 to (b). In order to look at divisi-
bility, we need to first simplify the formula:

fnk) — Cﬁf)+("251ﬁ

(k) (n—k—1)!
T Mok —R) =Dk =1) = (k=1
(n—k)! (n—k—1)!

El(n —2k)!  (k—1)/(n — 2k)!
m—k—-1(n—-k) nm—-—k-1)k

kl(n — 2k)! kl(n — 2k)!
 (n=k-Dln—k+k)
B kl(n — 2k)!
_ n(n—Fk—1)!
~ kl(n —2k)!
_onn—k-1n—-k-2)---(n—-2k+2)(n—2k+1)
k!

Now that we have written f(n,k) as a product, it is significantly easier to look at divisi-
bility.

Note that 2009 = 41 x 49 = 72 x 41, so we need f(n,k) to be divisible by 41 and by 7
twice. For this to be the case, the numerator of f(n, k) must have at least one more factor
of 41 and at least two more factors of 7 than the denominator.

Also, we want to minimize n + k, so we work to keep n and k as small as possible.
If n =49 and k = 5, then

1(49,5) = 49(43)(4;)(41)(40) _ 49(;1?4))((432))((24)1()1()40) _ 40(43)(14)(41)

which is divisible by 2009.
We show that this pair minimizes the value of n + k with a value of 54.

We consider the possible cases by looking separately at the factors of 41 and 7 that must
occur. We focus on the factor of 41 first.

For the numerator to contain a factor of 41, either n is divisible by 41 or one of the terms
in the product (n —k —1)(n — k —2)--- (n — 2k + 1) is divisible by 41.

Case 1: n is divisible by 41

We already know that n = 82 is too large, so we consider n = 41. From the original
interpretation of f(n, k), we see that k < 20, as there can be no more than 20 gifts placed
on 41 plates.

Here, the numerator becomes 41 times the product of k—1 consecutive integers, the largest
of which is 40 — k.

Now the numerator must also contain at least two factors of 7 more than the denominator.
But the denominator is the product of k£ consecutive integers. Since the numerator con-
tains the product of k — 1 consecutive integers and the denominator contains the product
of k consecutive integers, then the denominator will always include at least as many mul-
tiples of 7 as the numerator (since there are more consecutive integers in the product
in the denominator). Thus, it is impossible for the numerator to contain even one more
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additional factor of 7 than the denominator.
Therefore, if n = 41, then f(n, k) cannot be divisible by 2009.

Case 2: n is not divisible by 41
This means that the factor of 41 in the numerator must occur in the product

m—k—1)(n—-k—=2)---(n—2k+1)

In this case, the integer 41 must occur in this product, since an occurrence of 82 would
make n greater than 82, which does not minimize n + k.

So we try to find values of n and k that include the integer 41 in this list.

Note that n — k — 1 is the largest factor in the product and n — 2k + 1 is the smallest.
Since 41 is contained somewhere in the product, then n—2k+1 < 41 (giving n < 40+ 2k)
and 41 <n —k —1 (giving n > 42 + k).

Combining these restrictions, we get 42 + k < n < 40 + 2k.

Now, we focus on the factors of 7.
Either n is not divisible by 7 or n is divisible by 7.

x If n is not divisible by 7, then at least two factors of 7 must be included in the product
m—k—1n—-k—=2)---(n—2k+1)

which means that either & > 8 (to give two multiples of 7 in this list of k—1 consecutive
integers) or one of the factors is divisible by 49.

- If k> 8, thenn > 42+ k > 50 so n + k > 58, which is not minimal.

- If one of the factors is a multiple of 49, then 49 must be included in the list so
n—2k+1<49 (giving n < 48 4+ 2k) and 49 <n — k — 1 (giving n > 50 + k).
In this case, we already know that 42 + k < n < 40 + 2k and now we also have
50+ k < n <48 + 2k.

For these ranges to overlap, we need 50+ k < 40+ 2k and so k£ > 10, which means
that n > 50 + k > 60, and so n + k > 70, which is not minimal.

x Next, we consider the case where n is a multiple of 7.
Here, 42 + k < n < 40 + 2k (to include 41 in the product) and n is a multiple of 7.
Since k is at least 2 by definition, then n > 42 + k > 44, so n is at least 49.
If n was 56 or more, we do not get a minimal value for n + k.
Thus, we need to have n = 49. In this case, we do not need to look for another factor
of 7 in the list.
To complete this case, we need to find the smallest value of k£ for which 49 is in the
range from 42 + k to 40 + 2k because we need to have 42 + k < n < 40 + 2k.
This value of k is k = 5, which gives n +k =49 + 5 = 4.

Since f(49, 5) is divisible by 2009, as determined above, then this is the case that minimizes
n + k, giving a value of 54.



